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Abstract
We consider different topologies on an l-algebra associated in a natural way with its order, and
briefly study the relationship between them. As a consequence we obtain a partial answer to the
problem of the characterization of the topological algebra C(X) of real continuous functions on a
topological space X, endowed with its compact convergence topology. In fact, we prove that if A is
an Archimedean l-algebra and its order topology τo is locally m-convex, bornological and complete,
then there is a realcompact kr -space X such that (A, τo) is isomorphic and homeomorphic with C(X).
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Introduction
The problem of characterizing the space C(X) of the real-valued continuous functions
on a topological space essentially depends on which structures of this space we are
interested in. We here approach this problem looking at C(X) as an algebra endowed with
a natural order, so that it is an l-algebra, and also with a natural topology, so that it is a
locally m-convex algebra. Therefore, the question arises of endowing an l-algebra with a
locally m-convex topology compatible with its order. The “classical” order-topology τo on
a vector lattice is very well-known and several equivalent definitions have been given. But
when one tries to extend these definitions to the l-algebras, several topologies appear that
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may be different from each other. We present a brief study of these topologies, establishing
some relationships between them, and prove that, in general, they are different from τo.
In fact, we construct an Archimedean and uniformly closed l-algebra in which all the
mentioned topologies coincide but are strictly less that τo. We ask whether the situation of
this example could still hold for uniformly closed Φ-algebras. In this case, we prove that
“the order topologies” that are compatible with the structure of algebra coincide. They also
coincide with τo if and only if τo is locally m-convex. Then, using a result of Buskes, we
show that a sufficient condition for the topology τo, on a uniformly closed Φ-algebra A,
to be locally m-convex is that A is o-semisimple and closed under inversion. Finally, this
will allow us to characterize C(X), for X a realcompact kr -space, as a locally m-convex
l-algebra.
In Sections 1 and 2 we will give the definitions and results that we need. As general
references, one can consult the book of Schaefer [13] for locally convex spaces and lattices,
and that of Beckenstein et al. [1] for topological algebras.
1. Locally m-convex algebras
1.1. We will take as known the basic notions of topological vector space theory: convex,
balanced, absolutely convex, absorbent, bounded, seminorm, weak topology, and so forth
(see [13], for example). Throughout this paper, we does not require a locally convex space
to be Hausdorff. We will only consider vector spaces over the field R of the real numbers.
1.2. In the following, every ring will be assumed to be commutative and to possess an
identity, and every morphism of rings will carry the identity into the identity. We shall call
R-algebra (henceforth simply algebra) every ring A endowed with a morphism of rings
R→ A (the structural morphism of the algebra) which must be injective and allow R to
be identified with a subring of A; in particular 1 will denote indistinctly the identity of R
and the identity of A. Given algebras A and B , a map A→B is a morphism of algebras if
it is a morphism of rings that leaves R invariant.
1.3. A topological algebra is an algebra A endowed with a (not necessarily separated)
topology for which A is a topological vector space, the product of A is continuous, and
the map f → f−1 (defined over the invertible elements) is continuous. Given topological
algebras A and B , a map A→ B is a morphism of topological algebras if it is a morphism
of algebras which is continuous; the set of all morphisms of topological algebras of A into
B will be denoted by HomR(A,B).
An important class of topological algebras are the locally m-convex algebras, i.e., those
in which there exists a basis of neighbourhoods of 0 formed by absolutely m-convex
sets (a subset U of an algebra is m-convex if it is convex and UU ⊆ U ). Every locally
m-convex algebra is a locally convex space. If q is a seminorm on an algebra A and
U = {e ∈ E: q(e) 1} is its closed unit ball, it is easy to see that UU ⊆ U if and only if
q is an m-seminorm (q is an m-seminorm if q(fg)  q(f )q(g) for all f,g ∈ A); thus a
topological algebra is a locally m-convex algebra when its topology may be defined by a
family of m-seminorms.
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1.4. Let A be a topological algebra. Each element f ∈ A defines on HomR(A,R) the
function f˜ : HomR(A,R)→R, x 
→ f˜ (x) := x(f ). The initial topology that the functions
{f˜ : f ∈ A} define on HomR(A,R) is known as Gelfand topology. The topological
spectrum of A, denoted by Spect A, is the set HomR(A,R) endowed with its Gelfand
topology; if A′ is the topological dual of A then HomR(A,R) ⊆ A′, and the topology of
Spect A is that induced by the weak topology of A′. Clearly Spect A is a completely regular
Hausdorff topological space. Let us assume that Spect A = ∅ and let C(Spect A) be the
algebra of the real-valued continuous functions on Spect A. There is a natural morphism
of algebras
T :A→ C(Spect A), f 
→ f˜ ,
known as the spectral representation of A, and A is said to be semisimple when its spectral
representation is injective.
A maximal ideal M of A is real if the residue class field A/M is R. If x :A→ R
is a morphism of algebras, then its kernel Kerx is a real maximal ideal of A, and x is
continuous if and only if Kerx is closed. Hence there is a one-one correspondence between
the points of Spect A and the set of all the closed real maximal ideals of A. The radical
of A, denoted by radA, is defined as the intersection of all its closed real maximal ideals.
Clearly the kernel of the spectral representation is radA, so that A is semisimple if and
only if radA= 0.
1.5. Let us now consider the topological algebra that interests us most. Let X be a
Hausdorff topological space. For each compact subset K of X, we have the m-seminorm
qK on C(X) defined by the equality qK(f ) = max{|f (x)|: x ∈ K} ∈ R (f∈ C(X)). The
topology that the family {qK : K compact of X} defines in C(X) is known as the topology
of uniform convergence on compact subsets (in brief, compact convergence topology). We
shall denote this topology by τk and the locally m-convex algebra (C(X), τk) we shall
denote by Ck(X). One has that Ck(X) is complete if and only if X is a kr -space, i.e., if any
real-valued function on X is continuous whenever its restriction to each compact subset of
X is continuous (see [1, Theorem 2.2-1]).
Given x ∈X, the morphism of algebras δx :Ck(X)→ R, δx(f ) := f (x), is continuous,
so that we have the natural map i :X → Spect Ck(X), i(x) := Ker δx . When X is com-
pletely regular, the map i is a homeomorphism and therefore the spectral representation of
Ck(X) is an isomorphism; in particular Ck(X) is semisimple.
1.6. An algebra A is said to be strictly real if 1+ f 2 is invertible for all f ∈A. For every
topological space X the algebra C(X) is strictly real. The Jacobson radical of A is defined
as the intersection of all the maximal ideals of A, and we shall denote it by radJ A. The
following lemma is proved by Michael [9] for complex algebras; a proof of the real case
may be found in [12, Capítulo II, Corolario 3.9 and Teorema 3.11].
1.7. Lemma. Let A be a locally m-convex, Hausdorff, complete and strictly real algebra.
One has that:
(i) f ∈A is invertible if and only if f˜ (x) = 0 for all x ∈ Spect A;
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(ii) the radical of A coincides with its Jacobson radical, radA= radJ A.1.8. A bornological space is a locally convex Hausdorff space in which every absolutely
convex set which absorbs all the bounded sets is a neighbourhood of 0.
2. Vector lattices
2.1. A vector lattice is a real vector space E endowed with an order relationship “”
with which it is a lattice (every non-empty finite subset has a supremum and infimum) and
is compatible with the vector structure (if x, y ∈E such that x  y , then x + z y + z for
every z ∈E, and λx  λy for every λ ∈R, λ 0).
Let E be a vector lattice. The set E+ = {x ∈E: x  0} is called the positive cone of E.
As is usual, the supremum and infimum of a finite subset {x1, . . . , xn} of E will be denoted
by x1 ∨ · · · ∨ xn and x1 ∧ · · · ∧ xn, respectively. Given an element x ∈ E, its positive
part, its negative part, and its absolute value are elements of E which are denoted by x+,
x− and |x|, respectively, and are defined by the equalities x+ = x ∨ 0, x− = (−x) ∨ 0,
|x| = x+ ∨ x−. Given x, y ∈ E, the closed interval of extremes x and y is the subset of
E which is denoted [x, y] and is defined by the equality [x, y] := {z ∈ E: x  z  y}.
A subset C of E is said to be solid if it satisfies: x ∈ C ⇒ {y ∈E: |y| |x|} ⊆ C. A map
T :E→ F , where E and F are vector lattices, is a morphism of vector lattices if it is linear
and is a morphism of lattices, i.e., if it is a linear map such that T (x ∨ y)= T (x)∨ T (y)
and T (x ∧ y)= T (x)∧ T (y) for all x, y ∈E. If T :E→ F is a linear map, then it is clear
that T is a morphism of vector lattices if and only if T (|x|)= |T (x)| for all x ∈E.
2.2. Remark. Throughout this paper, the term “bounded” in a topological vector space E
which is also a vector lattice, will mean bounded in the topological sense, i.e., a set in E is
bounded when it is absorbed by each 0-neighbourhood of E.
2.3. A locally solid space is a vector lattice endowed with a topology with which it is a
topological vector space in which 0 has a basis of neighbourhoods formed by solid sets.
The proof of the following proposition may be found in [13, Chapter V, Theorem 7.1].
2.4. Proposition. In every locally solid space E one has that:
(i) the lattice operations (“∧”,“∨”) are continuous;
(ii) the closed intervals are bounded.
There are many non-equivalent classical definitions for the order topology on a lattice.
The one we will consider is the most used in the frame of the vector lattices:
2.5. Given a vector lattice E, the order topology in E, which we shall denote by
τo, is defined as the finest locally convex topology for which all closed intervals of E
are bounded. The order topology τo over a vector lattice E exists. Indeed, the family
Γ = {seminorms over E which are bounded on the closed intervals} is non-empty (the null
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seminorm is in Γ ), and τo is the topology defined by Γ . Consequently, a 0-neighbourhood
basis for τo is
B =
{
absolutely convex sets of E which
absorb all the closed intervals
}
.
The following proposition is a direct consequence of the above:
2.6. Proposition. Let T :E→ F be a linear map between vector lattices. If T preserves the
order (e.g., if T is a morphism of lattices), then T is continuous if E and F are considered
to be endowed with their respective order topologies.
It is easy to see that the collection of all convex, solid and absorbent sets of E constitute
a 0-neighbourhood basis for τo (see [4, Lemma 4.20]). From this and 2.4(ii) one then
deduces that:
2.7. Proposition. In a vector lattice E the order topology τo is locally solid. Specifically,
τo is the finest locally convex and locally solid topology over E.
2.8. A seminorm q over a vector lattice E is said to be lattice seminorm if it satisfies the
condition: x, y ∈E, |x| |y| ⇒ q(x) q(y); if U is the closed unit ball of q , it is easy
to prove that q is a lattice seminorm if and only if U is solid. Therefore, it follows from 2.7
that:
2.9. Proposition. The order topology τo over a vector lattice E is that defined by the family
of all the lattice seminorms over E.
2.10. On C(X) we shall always consider its usual order with which it is a vector lattice:
this is the point-wise defined natural order. In C(X) the compact convergence topology is
defined by lattice seminorms, and is thus coarser than the order topology (see 1.5 and 2.9).
2.11. Let us consider a vector lattice E. Let E∗ be the algebraic dual of E and let
E∗+ = {ω ∈ E∗: x ∈ E+ ⇒ ω(x)  0} be the set of linear forms over E which preserve
the order. The set E+ := E∗+ − E∗+ is a vector subspace of E∗ which is known as the
order-dual of E.
One has that the topological dual of (E, τo) is E+ (see [13, V.6.3, Corollary 2]), and it
is well known that then τo is Hausdorff if and only if E+ separates points (i.e., for every
x ∈ E, x = 0, there exists ω ∈ E+ such that ω(x) = 0). Since (E, τo) only lacks being
Hausdorff to be bornological (see 1.8 and 2.5), we obtain: if E is a vector lattice in which
E+ separates points, then (E, τo) is a bornological space.
3. Order topologies on l-algebras
3.1. Definition. An l-algebra is an algebra A endowed with an order relationship “” with
which it is a lattice and is compatible with the algebraic structure (if f,g ∈ A such that
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f  g, then f + h g + h for all h ∈ A, λf  λg for all λ ∈ R, λ 0, and f h gh for
all h ∈A, h 0). If A is an l-algebra, in particular it is a vector lattice, so that the notions
given in 2.1 for vector lattices are valid in A. If X is a topological space, then C(X) with
its usual order is an l-algebra.
Let A and B be l-algebras. A map A→B is said to be a morphism of l-algebras if it is
a morphism of algebras and a morphism of lattices.
3.2. Definition. Given an l-algebra A, we define the m-convex order topology in A, which
we shall denote by τmo , as the finest topology over A which is locally m-convex and locally
solid. The topology τmo exists. Indeed, τmo is the supremum of the family T of topologies
over A which are locally m-convex and locally solid. Note that the family T is non-empty,
for instance, it contains the trivial topology, and that it is closed with respect to suprema
since the intersection of m-convex (solid) sets is an m-convex (solid) set.
3.3. Remark. (a) Let A be an l-algebra. If one wants to extend to l-algebras the classical
definition of order topology given in 2.5 for vector lattices, one should do so in the
following manner: “We shall call the finest locally m-convex topology for which all the
closed intervals of A are bounded the order-bounded m-convex topology in A, and we
shall denote it by τbo ”. In the same manner as was done in 2.5, one proves that the topology
τbo exists, and that a 0-neighbourhood basis for it is{
absolutely m-convex sets of A which
absorb all the closed intervals
}
.
We do not know whether τbo is locally solid, i.e., we do not know whether the equality
τbo = τmo is satisfied or not (cf. Proposition 2.7).
(b) As the l-algebra A is also a vector lattice, we can consider over it the order topology
τo defined in 2.5. One then has that τmo  τbo  τo. Moreover, since τo is a locally solid
topology, it follows that τmo = τo ⇐⇒ τbo = τo. The example below proves that it may
happen that τmo = τbo < τo .
3.4. Example. Let A = R[x] be the algebra of the polynomials in one indeterminate
with real coefficients. We define over A the following order relationship “”: given
P(x)= a0 + a1x + · · · and Q(x)= b0 + b1x + · · ·,
P(x)Q(x) : ⇐⇒ a0  b0, a1  b1, . . . .
It is immediate to verify that the above is an order relationship which endows A with an
l-algebra structure, satisfying
(a0 + a1x + · · ·)∨ (b0 + b1x + · · ·)= (a0 ∨ b0)+ (a1 ∨ b1)x + · · · ,
(a0 + a1x + · · ·)∧ (b0 + b1x + · · ·)= (a0 ∧ b0)+ (a1 ∧ b1)x + · · · ,
where ai ∨ bi (ai ∧ bi ) is the supremum (infimum) of the real numbers ai and bi . In
particular, the absolute value of a0 + a1x + · · · is |a0| + |a1|x + · · ·.
As a vector space, A is the direct sum of R with itself a countable number of times,
A=R(N) =R⊕ xR⊕ x2R⊕· · ·, and it is known that the direct sum topology τ over A is
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the finest topology making R(N) a topological vector space. A 0-neighbourhood basis for
it is constituted by the sets of the form:
[−ε0, ε0] ⊕ [−ε1, ε1] ⊕ · · · :=
([−ε0, ε0] × [−ε1, ε1] × · · ·)∩R(N)
with (ε0, ε1, . . .) being a sequence of positive real numbers. It is clear that for τ there exists
no countable basis of 0-neighbourhoods, and that τ is a locally convex topology for which
the closed intervals of A are bounded: given polynomials P(x)= a0 + a1x + · · ·, Q(x)=
b0 + b1x + · · · we have [P(x),Q(x)] = [a0, b0] ⊕ [a1, b1] ⊕ · · · ⊕ [an, bn] ⊕ 0⊕ 0⊕ · · ·,
where n is the greater of the degrees of P(x) and Q(x). Hence τo = τ .
Now let q :A→ R be an m-seminorm and α = q(x), β = q(1); given P(x) = a0 +
a1x + · · · + anxn we have
q
(
P(x)
)
 |a0|β + |a1|α + |a2|α2 + · · · + |an|αn
max{1, β}(|a0| + |a1|α+ |a2|α2 + · · · + |an|αn). (1)
For every α  0, the map qα :A→R defined by the equality
qα
(
a0 + a1x + · · · + anxn
)= |a0| + |a1|α+ |a2|α2 + · · · + |an|αn,
is a lattice m-seminorm (see 2.8), and the inequalities (1) show that for every m-seminorm
q over A there exist non-negative constants C,α such that q  Cqα . Therefore the finest
locally m-convex topology that exists over A is locally solid, so this topology is τmo = τbo .
Since qα1  qα2 when α1  α2, we obtain that the family {qn}n∈N defines the topology τmo ,
and therefore the said topology has a countable basis of 0-neighbourhoods. We conclude
that the inequality τmo < τo holds.
3.5. Question. Let A be an l-algebra. We do not know whether, by analogy with the case
of τo, a 0-neighbourhood basis for τmo is the collection of all the sets which are m-convex,
absorbent and solid. I.e., if we denote by τ so the topology defined by all the lattice m-semi-
norms that exist over A, we do not know whether the equality τ so = τmo is satisfied (see
2.9). In general τ so  τmo  τbo  τo, and it would be interesting to know any necessary or
sufficient conditions for some of the above inequalities to be an equality (τ so = τmo = τbo
in Example 3.4). In particular, when is the order topology τo locally m-convex (⇐⇒
τmo = τo), and in that case when will it be possible to define τo by a family of lattice
m-seminorms (⇐⇒ τ so = τo)?
3.6. Let A be an l-algebra. In addition to all the topologies already considered over
A, there is yet another to be defined. Since A+ is the topological dual of (A, τo) (see
2.11), we may consider A+ with its weak topology and obtain a linear map A→ C(A+).
Denote Xo = {ω :A→ R: ω is a morphism of vector lattices and ω(1) = 1}, which is a
subset of A+ and therefore is a topological space (with the topology induced by that of
A+). Composing A→ C(A+) with the restriction morphism C(A+)→ C(Xo), which is a
morphism of l-algebras, we obtain a map A→ C(Xo); we shall denote the initial topology
defined onA by the above map (considering C(Xo) with its compact convergence topology)
by τ ko . The map A→ C(Xo) is linear and preserves the order, so that in general one will
have τ ko  τo (see 2.6 and 2.10).
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3.7. Lemma. If T :A→ A¯ is a morphism of l-algebras, then the maps T : (A, ταo )→
(A¯, τ¯ αo ) (α =m,b, s, k) are continuous.
Proof. For α = k, T defines a continuous map T ∗ : Xo → Xo , from which one
derives another continuous map Ck(Xo) → Ck(Xo) which makes the following square
commutative:
A A¯
Ck(Xo) Ck(Xo)
The proof of the rest of the cases is analogous to that of 2.6. ✷
3.8. Definition. An l-algebra A is called Archimedean if it satisfies: f,g ∈ A, nf  g for
all n ∈ N⇒ f  0. An element e of an l-algebra A is said to be a weak order unit if it
satisfies: f ∈A, f ∧ e= 0⇒ f = 0. An f -algebra is an l-algebra in which it is satisfied
that: f,g,h ∈ A, f ∧ g = 0, h  0 ⇒ hf ∧ g = 0. A Φ-algebra is an Archimedean
f -algebra; equivalently, a Φ-algebra is an Archimedean l-algebra in which 1 is a weak
order unit (see [2, §9, Corollary 3]). If X is a topological space, C(X) is a Φ-algebra. The
l-algebra of Example 3.4 is Archimedean but it is not an f -algebra.
3.9. Theorem (Feldman and Porter [5, Lemma 2]). If A is a Φ-algebra, every morphism of
vector lattices ω :A→R which satisfiesω(1)= 1 is a morphism of algebras (and therefore
of l-algebras).
3.10. Let A be a Φ-algebra. According to 3.9 the set Xo defined in 3.6 is just the set of
the morphisms of l-algebras of A into R, so that the map A→ C(Xo) is a morphism of
algebras. As a consequence, we obtain that the topology τ ko of A is defined for a family
of lattice m-seminorms and therefore we have τ ko  τ so  τmo  τbo  τo (see 3.5), i.e.,
A→ Ck(Xo) is continuous for all the topologies that we are considering over A.
We shall call the topological space Xo the o-spectrum of the Φ-algebra A, and shall say
that A is o-semisimple when the morphism of algebras A→ C(Xo) is injective; that A is
o-semisimple means that Xo separates points (in the sense given in 2.11), in which case
A+ also separates points. Considering Xo ⊆ RA = {maps of A into R}, one clearly sees
that the topology of Xo coincides with that induced by the product topology of RA, with
Xo being a closed subspace of RA, i.e., Xo is realcompact.
3.11. Definition. Let A be an f -algebra. It is known then that, for whichever f ∈ A, one
has that f 2 = |f |2  0; in particular, 1 0 (in A), and therefore the order that A induces
in R is the usual order of R. According to the above, given α,β ∈R, one will have α  β
in R if and only if α  β in A, so that we will make no distinction.
A sequence (fn)n in A is said to be uniform Cauchy if for every ε > 0 (ε ∈ R) there
exists a positive integer ν such that if n,m  ν then |fn − fm| ε. A sequence (fn)n in
A is said to be uniformly convergent if there exists f ∈ A satisfying: for all ε > 0 there
exists a positive integer ν such that if n ν then |fn − f | ε. When A is Archimedean,
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it is easy to verify that if (fn)n is uniformly convergent then the element f which has the
property of the definition is unique and is called the uniform limit of the sequence (fn)n.
The f -algebra A is said to be uniformly closed if each uniform Cauchy sequence of A is
uniformly convergent. If X is a topological space, C(X) is uniformly closed. The l-algebra
of Example 3.4 is also uniformly closed.
3.12. Proposition. Let A be a uniformly closed Φ-algebra. One has that:
(i) If f ∈A and f  1 then f is invertible. As a consequence A is strictly real (see 1.6 ).
(ii) The Jacobson radical of A is null, radJ A= 0.
(iii) A has square roots: given f ∈A+ there exists a unique g ∈A+ with g2 = f .
(iv) A has the property of multiplicative decomposition: if 0  h  fg with f,g ∈ A+,
then there exist 0 p  f and 0 q  g such that h= pq .
Proof. See [6, 3.3] for (i) and [7, Theorem 3.9 and Theorem 3.16] for (iii) and (iv). Let us
prove (ii): According to [10, Theorem 3.7] the maximal l-ideals of A (maximal elements
of the set of all the solid proper ideals of A) are just the maximal ideals of A, and according
to [8, Chapter II,Theorem 2.11] the intersection of all the maximal ideals of A is zero. ✷
3.13. Corollary. Let A be a uniformly closed Φ-algebra. The collection of all m-convex,
absorbent and solid sets of A is a 0-neighbourhood basis for τbo . As a consequence, one
has that τ so = τmo = τbo .
Proof. Let U be an absolutely m-convex set which is a 0-neighbourhood for τbo , i.e., which
absorbs the closed intervals, and let us consider
V = {f ∈A: [0, |f |]⊆U}.
It is clear that V is solid and V ⊆ 2U . Let us show that V is convex. Let f,g ∈ V and α,β ∈
R+ such that α + β = 1 and let us prove that [0, |αf + βg|] ⊆ U . If h ∈ [0, |αf + βg|]
then h |αf + βg| α|f | + β|g|, so that there exist h′, h′′ ∈ A+ such that h= h′ + h′′,
h′  α|f |, h′′  β|g|, and we obtain
1
α
h′ ∈ [0, |f |]⊆U, 1
β
h′′ ∈ [0, |g|]⊆U.
Since U is convex, one has that αU + βU = (α + β)U = U , and therefore h= α( 1
α
h′)+
β( 1
β
h′′) ∈ U .
Let us now show that V V ⊆ V . Let f,g ∈ V and h ∈ [0, |f ||g|] (|fg| = |f ||g| because
A is an f -algebra). According to 3.12, there exist 0 p  |f | and 0  q  |g| such that
h = pq . Then p,q ∈ U and, as U is m-convex, h ∈ U . Hence one has that fg ∈ V and
therefore V is m-convex.
Lastly let us show that V is a 0-neighbourhood for τbo , for which it will be sufficient to
prove that, given f ∈ A+, V absorbs [−f,f ]: there exists λ > 0 such that [0, f ] ⊆ λU
and so 1
λ
f ∈ V . Since V is a solid set, it follows that [−1
λ
f, 1
λ
f ] ⊆ V and therefore
[−f,f ] ⊆ λV . ✷
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3.14. Definition. Let A be an algebra. We shall call real spectrum of A the set SpecRA :=
{morphisms of algebras of A into R}. We shall say that A is closed under inversion if
SpecRA is not empty and if its invertible elements are just those which do not belong to
any real maximal ideal of A (i.e., f ∈ A is invertible if and only if f˜ (x) := x(f ) = 0 for
all x ∈ SpecRA).
3.15. Lemma. Let A and B be uniformly closed Φ-algebras. Every morphism of algebras
T :A→B is a morphism of lattices (and therefore of l-algebras). Hence, every morphism
of algebras between uniformly closed Φ-algebras satisfies the thesis of 2.6 and 3.7.
Proof. If h ∈ A+ there exists g ∈ A such that g2 = h, so that T (h)= T (g2)= (T (g))2 
0. Let f ∈A. On the one hand we have that T (|f |) 0; on the other that∣∣T (f )∣∣2 = T (f )2 = T (f 2)= T (|f |2)= T (|f |)2.
It then follows that T (|f |)= |T (f )| and the proof is complete. ✷
3.16. Corollary. If A is a uniformly closed Φ-algebra then Spect (A, τmo )=Xo = SpecRA
(see 1.4). Hence:
(i) (A, τmo ) is semisimple if and only if A is o-semisimple;
(ii) the topological spectrum of (A, τmo ) is realcompact and the spectral representation
(A, τmo )→ Ck(Xo) is continuous.
Proof. According to the first part of 3.15 we have Spect (A, τo) ⊆ SpecRA ⊆ Xo, and
from the second part it follows that Xo ⊆ Spect (A, τo). For the consequences see 1.4 and
3.10. ✷
3.17. Lemma. Let A be a uniformly closed Φ-algebra. If A is closed under inversion, then
A is o-semisimple.
Proof. Let f ∈ A such that f˜ (x) = 0 for all x ∈ SpecRA; then for each g ∈ A we have
f˜g(x)= 0 for all x ∈ SpecRA. Since A is closed under inversion, 1− fg is invertible for
all g ∈ A. If there is a maximal ideal M in A such that f /∈M , then M + fA = A, and
hence there exist h1 ∈M and h2 ∈ A with h1 = 1 − f h2, i.e., h1 is an invertible element
in M . We conclude that f ∈ radJ A= 0 (see 3.12 (ii)). ✷
3.18. Lemma (Buskes [3, Example 4.2]). Let X be a set and A an l-subalgebra of RX
which is a uniformly closed Φ-algebra. If for every f ∈ A such that f˜ (x) = 0 for every
x ∈X one has that 1/f ∈A, then τ ko = τo.
3.19. Corollary. If a uniformly closed Φ-algebra A is closed under inversion, then τ ko = τo
and hence τo is locally m-convex.
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4. τo-complete f -algebras4.1. Lemma. Let A be an f -algebra. If τo is Hausdorff andA is τo-complete (i.e., complete
for the order topology τo), then A is a uniformly closed Φ-algebra.
Proof. Let (fn)n be a uniform Cauchy sequence inA. If U is a 0-neighbourhood for τo,
there exists λ > 0 such that [−1,1] ⊆ λU ; if n0 ∈ N is such that |fn − fm|  1/λ when
n,m  n0, then fn − fm ∈ [−1/λ,1/λ] ⊆ U if n,m  n0. This proves that (fn)n is a
Cauchy sequence in (A, τo) and that therefore there exists f ∈A such that (fn)n converges
to f . Let ε > 0 and let ν ∈N be such that |fn − fm| ε if n,m ν; as lattice operations
are continuous in (A, τo) (see 2.4), with fixed n the sequence
(|fn − fm|)m converges to|fn − f |, and therefore |fn − f |  ε if n  ν, which proves that A is uniformly closed.
(In this last statement we have used that A+ = {f ∈A: f ∧ 0= 0} is closed because τo is
Hausdorff.)
Let f,g ∈ A such that nf  g for all n ∈ N; then g/n − f ∈ A+ for all n ∈ N and
therefore −f belongs to the closure of A+, and as A+ is closed we obtain that ±f ∈A+,
i.e., f = 0. Hence we have proved that A is Archimedean, which completes the proof. ✷
4.2. Theorem. Let A be a τo-complete f -algebra. The following are equivalent:
(i) τo is locally m-convex Hausdorff ;
(ii) A is o-semisimple and closed under inversion.
Proof. (i) ⇒ (ii) From 4.1 it follows that A is a uniformly closed Φ-algebra. Moreover,
since τo is locally m-convex, τmo = τo and hence τmo is Hausdroff and complete. From 3.12
(i)–(ii), 3.16 and 1.7 we conclude that A is closed under inversion and o-semisimple.
(ii) ⇒ (i) That A is o-semisimple means that Xo separates points, in which case A+
also separates points and therefore τo is Hausdorff. From 4.1 it follows that A is a
uniformly closed Φ-algebra, and it is enough to apply 3.19 to conclude that τo is locally
m-convex. ✷
4.3. Lemma (Feldman and Porter [5, Theorem 1]). A completely regular and Hausdorff
topological space X is realcompact if and only if the order topology and the compact
convergence topology coincide in C(X).
4.4. Theorem. Let A be an f -algebra. The following are equivalent:
(i) There exists some topology for which A is locally m-convex, bornological, complete
and locally solid;
(ii) A is o-semisimple, closed under inversion and τo-complete;
(iii) (A, τo) is isomorphic and homeomorphic with C(X) for some realcompact kr -space
X.
Proof. (i) ⇒ (ii) Let τ be a topology on A satisfying (i). Since (A, τ) is a bornological
space, then it is a Mackey space, i.e., τ is the finest topology on A whose topological
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dual is (A, τ)′. Moreover, since τ is locally solid and complete, one has that (A, τ)′ =A+
[13, Chapter V, Theorem 5.5 and Lemma 7.2]. Therefore τ = τo [13, Chapter V, 6.4]. One
concludes by applying 4.2.
(ii) ⇒ (iii) From the hypothesis it follows that A is a uniformly closed Φ-algebra, and
applying 3.16 we obtain that the spectral representation (A, τo)→ Ck(Xo) is continuous
and injective and that Xo is realcompact. On the one hand, as A separates points of Xo,
the Stone–Weierstrass theorem assures us that A is dense in Ck(Xo); on the other hand the
topology that Ck(Xo) induces in A is τ ko = τo (see 3.19). Then (A, τo)= Ck(Xo) and Xo is
a kr -space (see 1.5).
(iii) ⇒ (i) If X is a realcompact kr -space, then Ck(X) is a locally m-convex,
bornological and complete algebra whose topology coincides with its order topology (see
4.3). ✷
The above result applies in particular when A is a Fréchet f -algebra (see Pulgarín [11]).
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